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Abstract

We study mechanism design for selling data as a
digital good when the value derived from training
Al 'models follows a scaling law. The seller faces a
linear cost when producing data, while the buyers
benefit from additional data with diminishing re-
turns as data volume increases. This departs from
classical auction models by allowing allocations
to be continuous quantities of data rather than bi-
nary outcomes. We first analyze an offline setting
in which all buyer types are realized simultane-
ously, characterizing profit-optimal mechanisms
and showing how virtual-value methods extend
to continuous data allocations. We then consider
an online setting with sequential arrivals, where
production decisions must be made under demand
uncertainty. We show that myopic allocation and
fixed production plans can be arbitrarily subopti-
mal, whereas a simple two-stage algorithm that
combines upfront production with adaptive expan-
sion achieves a constant-factor approximation to
the offline optimum. Finally, we study bilateral
data trading under asymmetric information, where
both the buyer’s value and the seller’s cost are pri-
vate. Although the optimal truthful mechanism
has a complex structure, we show that simple and
implementable mechanisms recover a constant
fraction of the first-best gain-from-trade. Overall,
our results highlight how scaling laws introduce
new algorithmic trade-offs in market design and
provide performance guarantees for data markets
under uncertainty.
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1. Introduction

Large-scale datasets have become a central input to mod-
ern artificial intelligence systems. Across a wide range of
model classes, empirical evidence shows that model per-
formance improves with data volume according to scaling
laws, with diminishing returns as the amount of training
data increases (Kaplan et al., 2020; Iansiti, 2021; Rekatsi-
nas et al., 2014; Zheng et al., 2017; Amsterdamer et al.,
2011). These observations suggest that data has a structured
but nonlinear value, raising fundamental questions for mar-
ket design. How should a seller decide how much data to
produce, and how should prices and allocations depend on
buyer valuations when the value derived from training Al
models scales sublinearly with data volume?

A key economic distinction relative to classical auction mar-
kets is that data is non-rivalrous. Once collected, the same
dataset can be copied and shared with multiple buyers with-
out depletion. As a result, the primary constraint faced by a
seller is the cost of producing data, rather than exclusivity
in allocation. Allocating more data to one buyer does not
reduce what can be allocated to others. Instead, the central
trade-off is between expanding data production and the total
value generated across buyers.

Motivated by these features, we propose a mechanism de-
sign framework for selling data as a digital good. Buyer
valuations are modeled to scale as a power law in data vol-
ume, capturing the empirical scaling effects observed in
machine learning. This implies that marginal value declines
as more data is allocated, leading to nonlinear and state-
dependent allocation rules. At the same time, the seller
incurs explicit production costs and must decide how much
data to generate in response to demand. Together, dimin-
ishing returns in buyer value and costly data production
fundamentally distinguish this setting from classical auction
models and require new analytical tools.

We first study an offline setting with multiple buyers, where
all private information is realized simultaneously. In this en-
vironment, we characterize profit-optimal mechanisms and
show how virtual-value-based methods extend to continuous
data allocations under scaling effects. Unlike classical auc-
tions, optimal mechanisms may allocate the same dataset to
multiple buyers and pool demand to justify data production.
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We then turn to an online setting in which buyers arrive se-
quentially and the seller must make irreversible production
decisions under uncertainty. In this environment, the tight
connection between production and allocation no longer
holds. We show that myopic allocation rules and fixed, non-
adaptive production plans can perform arbitrarily poorly. In
contrast, a simple mechanism that combines initial data pro-
duction based on prior distributions with adaptive expansion
over time achieves a constant-factor approximation to the
offline optimum.

Finally, we study bilateral data trading under asymmetric
information, motivated by settings such as regulated data
sharing or government-mediated data markets. In this model,
both the buyer’s value and the seller’s cost are private, and
the mechanism is designed by a third party to maximize
gain-from-trade. We characterize the optimal truthful mech-
anism in this setting and show that simpler, implementable
mechanisms can still recover a constant fraction of the firsz-
best welfare, with guarantees that depend explicitly on the
scaling parameter.

Taken together, our results clarify how non-rivalry, scaling
laws, and production costs reshape classical mechanism
design insights for profit and gain-from-trade optimization,
and give rise to new algorithmic trade-offs in online and
bilateral data markets.

1.1. Related Work

Data markets and selling information. Admati & Pflei-
derer (1986) study the problem of selling information us-
ing a monopolistic model. Subsequently, data markets
are studied as distinct economic institutions by Balazinska
etal. (2011). Along this line, Koutris et al. (2015) develop
query-based data pricing models, and Agarwal et al. (2019)
study two-sided data marketplaces. In practice, a variety
of data marketplaces have emerged, including AWS Data
Exchange (Amazon Web Services, 2024) and Snowflake’s
data marketplace (Snowflake, 2024), illustrating the growing
commercialization of data. For a comprehensive overview
of data markets, we refer the reader to the survey by (Zhang
et al., 2024).

Mechanism design for data markets. More recently,
data markets have attracted growing attention from a mecha-
nism design perspective. In this line of work, the designer’s
objective is typically either welfare maximization, as in
(Grubenmann et al., 2018; Wang et al., 2016; Cao et al.,
2017; Rasouli & Jordan, 2021), or revenue maximization,
as in (Agarwal et al., 2019; 2024; Bonatti et al., 2024). No-
tably, Agarwal et al. (2019) depart from much of the earlier
literature by modeling buyers as purchasing improvements
in predictive performance rather than raw data itself, while
Agarwal et al. (2024) and Bonatti et al. (2024) incorporate

externalities arising from data usage and sharing.

Most of these works implicitly assume that data is already
collected and treated as a fixed, well-defined commodity,
so data production is not a decision variable for the seller.
In many real-world settings, however, data does not exist
ex ante and must be deliberately produced in response to
buyers’ needs. For example, data sellers on platforms such
as Datatang collect datasets through crowdsourcing, includ-
ing images of sign language gestures and 3D hand gestures
(Datatang, 2024). Moreover, the quantity of data directly
affects buyers’ utility. Motivated by both empirical and the-
oretical evidence, we therefore treat data production as an
explicit decision variable and assume that the value of data
exhibits diminishing marginal returns as data quantity in-
creases (Kaplan et al., 2020; Iansiti, 2021; Rekatsinas et al.,
2014; Zheng et al., 2017; Amsterdamer et al., 2011).

Combinatorial auctions. Our model can be mapped to a
combinatorial auction setting, as studied in (Dobzinski &
Nisan, 2007a; Dobzinski, 2011; Deng et al., 2025). Each
unit of data can be interpreted as an item, where all items
are identical, and the value of a bundle depends only on
its cardinality. Under diminishing marginal values, the in-
duced valuation function satisfies the standard notion of
submodularity used in the combinatorial auction literature.
Dobzinski & Nisan (2007b) and Dobzinski et al. (2022)
study multi-unit auctions, allowing buyers to be either unit-
demand or multi-demand. In contrast, buyers in our model
are not unit-demand, data can be sold repeatedly to multiple
buyers, and, crucially, the seller’s data quantity is an endoge-
nous decision rather than a fixed supply. In the literature
on digital goods, Goldberg & Hartline (2001), Hartline &
Roughgarden (2008), and Chen et al. (2014) typically as-
sume unlimited supply but restrict buyers to be unit-demand,
which differs fundamentally from our setting.

Online mechanisms and approximation guarantees.
Our results in Section 3 concern online data sales. Related
online allocation problems are often analyzed using prophet
inequalities, which yield constant-factor approximations via
posted-price mechanisms computed from prior distributions
(Krengel & Sucheston, 1977; Correa et al., 2019). These re-
sults rely on fixed supply or capacity constraints. In contrast,
in our setting the supply of data is endogenous, and fixed
production decisions based on the prior alone do not yield
any approximation guarantee. We show that dynamic ad-
justment of data production in response to realized demand
is necessary to achieve constant-factor performance.

Bilateral trade and gain-from-trade. There is a substan-
tial literature on approximating gains from trade in bilateral
settings with one buyer and one seller (Brustle et al., 2017;
Deng et al., 2022). These models focus on indivisible goods
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and do not consider quantity-dependent valuations. Our
bilateral model in Section 4 differs by allowing continuous
allocations governed by a scaling law and by leveraging a
multiplicative welfare decomposition that leads to constant-
factor approximations under simple truthful mechanisms.

2. Profit-Optimal Offline Mechanisms

In this section, we study the seller’s optimal mechanism in
an offline setting where all buyer types are realized simul-
taneously. We consider n buyers with independent private
types v1, . .., v, Where v; ~ F; with density f;. The seller
can produce any amount of data at constant marginal cost
¢ > 0. Producing a dataset of size D > 0 incurs total
cost cD. Buyers first report their types, and then the seller
determines the allocation and price. Unlike classical auc-
tion models with binary allocation, the seller here decides
the amount of data allocated to each buyer. Data is non-
rivalrous: once produced, the same dataset can be allocated
to multiple buyers. The seller’s objective is profit maximiza-
tion rather than pure revenue maximization. We will provide
a discussion on the modeling choices in Section 5.1.

Each buyer ¢ receives a continuous allocation x; > 0 as
the amount of allocated data, with a scaling valuation in a
power-law form:

Vi(vi, ;) = v; af’, a€(0,1),

where « is an elasticity parameter capturing diminishing
returns to data volume, consistent with empirical scaling
laws in machine learning. If oo = 1, the model becomes the
standard quasi-linear utility framework. We assume « is a
publicly known constant.

The seller designs a direct-revelation mechanism (z(-), p(+))
with allocation rules z(-) = (21(-),...,2,(-)) and pay-
ments p(-) = (p1(-),...,pn(+)) taking reported types as
input. Given reported types 01, - - - , Uy, the utility of buyer
1 with true type v; is

wi(Vi, 0s, 0—;) = v; 24(05, D—q)~ — ps (04, 0_5).

If the seller produces a dataset of size D, a feasible alloca-
tion must satisfy z; < D for each buyer ¢, and producing
more data than the largest allocation is never optimal. As
a result, in any optimal mechanism the production level
satisfies D = max; ;.

Incentive compatibility and individual rationality. To
incentivize truthful reporting of private types, the mech-
anism is constrained by Bayesian incentive compatibility
(BIC) and individual rationality (IR). Formally, denote in-
terim utility of buyer ¢ truthfully reporting v; as

ui(v;) = E[Ui(vmviawi)],

it is required that for all v;, ¥;,

ui(vi) > B [ui(vi, 05, v—3)],

v

and  w;(v;) > 0.

For each buyer ¢, define the interim quantity

Yi (Uz) = E [$Z (Ui, ’U,i)a] .
V—i
Bayesian incentive compatibility implies the envelope char-
acterization

W) =) () =u(0)+ [ "y dr,

and, normalizing u;(0) = 0, we obtain the following pay-
ment identity

}?[pi(viavfi)]:viyi(vi)—/o 'l yi(t)dt. (1)

The mechanism is BIC and IR if and only if y;(v;) is non-
decreasing in v;, and the payment identity is satisfied. A
complete derivation is provided in Appendix A.1.

Remark 2.1. As long as the ex-post allocation x;(v;, v_;)
is non-decreasing in v;, one can strengthen the Bayesian
incentive compatibility to dominant-strategy incentive com-
patibility (DSIC) using the payment rule determined by the
ex-post payment identity:

Vi
Pi(vi, v—;) = vizi(vi, v_;)” —/ xi(t,v_;)* dt.
0

Seller’s objective. The seller designs the mechanism to
maximize the expected profit

Prof = E
v

Zpi(v) —c maxxi(v)] .

i€[n]

Using (1) and integrating by parts yields the standard virtual
welfare representation of expected profit:

Prof = E

v

Z(bi(vi)xi(v)a —c maxxi(v)] , 2

P} 1€[n]

where ¢;(v;) = v; — 1}_}&(31) is Myerson’s virtual value for

buyer . The derivation of (2) is provided in Appendix A.2.

Unlike classical multi-buyer auctions, allocations are not
mutually exclusive in the data selling setting, and the pro-
duction cost depends on the largest allocation regardless of
the number of buyers served. This objective captures the
central trade-off between expanding data production and the
aggregate revenue generated across buyers.
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Optimal structure. The form of the objective immedi-
ately implies a pooling structure. Intuitively, since the pro-
duction cost depends only on the maximum allocation, to
maximize the virtual welfare in (2), the maximal amount
should be allocated to all buyers with positive virtual values,
while buyers with negative virtual values receive no allo-
cation. The common data amount depends on the sum of
positive virtual values. When value distributions are regular,
i.e., each virtual value function ¢;(v;) is increasing, this
yields a monotone allocation rule, which is indeed optimal.
For irregular distributions, this approach holds by replacing
the virtual values with the ironed virtual values ¢* (v;) (My-
erson, 1981). Concretely, let R;(q) := ¢ - F;, '(1 — q),
denote the revenue curve in quantile space. Let R; be the
smallest concave function that upper bounds R;. Then the
ironed virtual value is defined by

FEw) = S Ri(q)
q q=1-F;(v)

Before presenting the optimal mechanism, we introduce

some notations used throughout the paper. Define notation

(2)+ = max{z, 0}, and define r; as the positively-clipped

ironed virtual value of each buyer 4, that is,

T = (¢7;l(vl))+

Theorem 2.2. In the optimal offline mechanism, all buyers
with positive virtual values receive the same allocation.
Specifically,

(0% ~ 11 D*
D* = (7 E i) - d == ’
c r an T; {0,

i=1

ri > 0,
otherwise.

Payments are determined by the allocation rule through
the payment identity. The complete proof is provided in
Appendix A.3. Notably, different buyers may be charged
different payments for the same data level D* in the optimal
mechanism, which depends on their value distribution.

We remark that the optimal mechanism can be extended
to more general valuations in the form of V;(v;, ;) = v; -
h;i(x;), where h;(x;) captures the exploitable return from
data volume and is only assumed to be monotone. We
provide an analysis of this generalization in Appendix A.4.

3. Online Data Production and Profit
Maximization

We consider an online setting in which buyers arrive sequen-
tially and the seller must make production and allocation
decisions under demand uncertainty. This differs from the
offline model studied in Section 2, where all buyer types
are realized simultaneously and production can be matched
exactly to demand.

3.1. Model and Preliminaries

There are n buyers arriving one by one. Each buyer ¢ has a
private type v;, independently drawn from a known distri-
bution F;. The seller can produce data at constant marginal
cost ¢ > 0 and sell data to buyers. The seller commits ex
ante to an online mechanism tailored to the distributions
{F;}7,. Ateach round 1, after observing the reported type
v; and the current data level D;_1, the mechanism deter-
mines production, allocation, and payment decisions.

Online setting. Initially, the available data amount is
Dy = 0. When buyer ¢ arrives, the seller decides: (i) how
much additional data to produce, increasing the available
amount from D;_, to D; > D,_; atcostc- (D; — D; 1),
and (ii) how much data z; to allocate to buyer i, together
with a payment p;. Feasibility requires z; < D;.

At round ¢, all decisions depend only on the current data
level D;_; and the reported type ;.

Online mechanism. An online mechanism is specified by
functions D; (D,‘_l, f}l), x; (Di—l, f]z), and p; (Di—h ’[)1) for
i1 =1,...,n, which determine production, allocation, and
payment at each round respectively.

Similar to offline model, if buyer ¢ has true type v; and
reports U; when previous data level is D;_1, their utility is

wi(vi, 035 Di—1) = vy 23 (Di—1,0;)* — pi(Di—1, 05).

The mechanism must satisfy incentive compatibility (IC)
and individual rationality (IR), so that the seller may assume
all reported values are truthful:
u;i(vi, vi; Di—1) > wi(vi, 035 Di—1),
ui(vi,vi; Di—1) > 0,

for all v;, ¥; and D; 1 € [0, +00).

Seller’s Objective. The seller designs an online mecha-
nism seeking to maximize expected profit,

Prof := E[zn:pl — ch] ,

i=1

where the expectation is taken over buyer types v; ~ F; and
the induced production, allocation and payment decisions.

Similar to (2), we can rewrite the seller’s expected profit
with virtual value functions

Prof = E lz ¢i(v;) g — ch] .
i=1
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3.2. Optimal Online Mechanism

We characterize the profit-optimal online mechanism
through backward induction. The optimal policy takes the
form of a dynamic program with a continuous state variable
reflecting the current data level.

Proposition 3.1 (Dynamic programming characterization).
For i € [n] and L > 0, define I';(L) as the maximum
expected profit obtainable from serving buyers i, - - - ,n, mi-
nus the expected total data production cost cD,,, under the
constraint that D; > L (or equivalently, D;,_1 = L). In
particular, T'1(0) is the expected profit of the optimal online
mechanism, which we denote by

ONL :=TI'; (0).

Forany i € [n] and L > 0, T';(L) is recursively character-
ized by the following backward induction:
Li(L) = E, [maxriDi + Lisa (D)),

where we define T',,11(L) = —cL (i.e. the final total cost)
for convenience. Recall that r; = (¢iF (v;)) 4.

Optimal production and allocation rule. Given r; corre-
sponding to reported value v;, define function

D;(r;) := argmaxr;z® + T4 (),
x>0

where the optimized objective is concave in z, and the max-
imum is always achieved at some finite z. D;(r;) denotes
the optimal amount of data to produce at round ¢ if no data
is carried over from the previous round, i.e., D;_1 = 0.

For D;_; € [0, +00), the production and allocation in the
optimal online mechanism for buyer ¢ are

D;(D;_1,v;) = max{D;_1, D;(r;)},
(L) = max{D;_1, D;(r;)}, ;i >0,
0, T < 0.

That is, D; (v;) can be viewed as a target for data production
at round ¢, such that the seller expands data production
only when the virtual value is large enough so that D;(r;)
exceeds the current data amount L.

The complete proof of Proposition 3.1 and the optimal policy
is provided in Appendix B.1.

While the dynamic programming approach above provides a
complete characterization of the profit-optimal online mech-
anism, the recursive definition of T';(L) involves nested
optimizations over continuous state spaces, and no closed-
form expression exists beyond restrictive settings. This not
only limits its computational tractability, but also techni-
cally prevents us from establishing performance guarantees

through direct analysis of its expected profit. Moreover,
the decision rules rely on full knowledge of value distribu-
tions and arrival order of buyers in the future, which further
hinders its practical implementability.

Motivated by these considerations, we turn to study mecha-
nisms with simple structure and analyze their profit perfor-
mance, achieving a constant-factor approximation guarantee
to the benchmark of optimal offline profit. This also implies
a lower bound on the optimal online profit, enabling us to
quantify the inherent loss due to online decision making.

3.3. Suboptimality of Simple Online Mechanisms

Before presenting a constant-factor approximation, we ex-
amine two natural classes of online mechanisms and show
that neither achieves a constant approximation to the opti-
mal online mechanism. These mechanisms serve as intuitive
baselines that illustrate the limitations of online decision
making in data markets.

Myopic greedy mechanism. The first baseline is the my-
opic greedy mechanism. Upon observing buyer 7 with re-
ported type v;, the mechanism chooses the allocation that
maximizes the instantaneous profit from this buyer alone,
ignoring future buyers. Formally, the allocation is given by

2} (vi) o= arg max{g;" (v) 2 — e}

LV
(o)

The total data production after serving buyer ¢ is D; :=
max{D;_,zMG}.

The myopic greedy mechanism is optimal for a single buyer,
but fails to account for the non-rivalry of data when multiple
buyers are present.

Theorem 3.2. There exists an instance with n buyers such
that the myopic greedy mechanism achieves at most an
O (n7 m) fraction of the optimal online profit.

Non-adaptive mechanism. The second baseline is the
non-adaptive mechanism. This mechanism commits ex
ante to a fixed data production level and does not adjust
production in response to realized buyer values. Formally,
define

n
DYA .= argmax R rix® —cx
* x>0
= i=1

(e gmb“?

The data production level is fixed as D; = Dy = --- =
D,, = DN*, with allocation z; = T[r; > 0] - DN4.
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The non-adaptive mechanism is optimal when buyer values
are deterministic, but fails to respond to stochastic demand.

Theorem 3.3. For any € > 0, there exists an instance
with n > 2 buyers such that any non-adaptive mechanism
achieves at most an € fraction of the optimal online profit.

3.4. Constant-Factor Approximation

Theorems 3.2 and 3.3 show that neither per-buyer optimiza-
tion nor fixed production in advance suffices in online data
markets with scaling-law valuations. These negative results
motivate the need for online mechanisms that combine early
data production with adaptive expansion. We design a sim-
ple two-stage mechanism that combines initial expectation-
based production with adaptive myopic greedy production,
which achieves a constant-factor approximation.

Our proposed mechanism adopts a two-stage structure, ad-
dressing demand aggregation of buyers and adaptive re-
sponse to stochastic values respectively. In the first stage,
the seller produces an initial amount of data, which only
depends on the expected sum of positively-clipped virtual

values, denoted
M = ZE[”]'
i=1

In the second stage, the buyers arrive, and the data produc-
tion is adaptively expanded. Similar to the myopic greedy
mechanism, the adaptive data production in each round only
optimizes for the current buyer. We will show that this
simple structure is sufficient to achieve a constant-factor
approximation to the offline optimum OFFL.

Two-stage online mechanism. The two-stage mechanism
described in Algorithm 1 proceeds in two phases.

1. Initial phase (before arrivals). Compute

Dy = (% (1- ) M)l/(lfa)

)

where § € (0, 1) is a constant parameter only depend-
ing on a. A specific choice of § is given in the proof.

2. Online phase (upon arrivals). When buyer 7 reports
v;, compute 7; = (¢F(9;))+ and the myopic best-

response

1/(1—-w)

x?/IG = (gr,;> .
c

If #MS > D, 4, produce additional data to raise the
available amount to D; = xg/[G; otherwise keep D; =
D;_;. Allocate ©; = D; to buyer i if ¢*(9;) > 0,
and the payment is computed according to Myerson’s
payment identity (1).

The pseudocode of the mechanism is presented in Algo-
rithm 1 in Appendix B.4. Incentive compatibility follows
by standard argument on allocation monotonicity.

Implementability and approximation guarantee. The
two-stage online mechanism has a simpler structure than
the optimal online mechanism, facilitating its practical im-
plementability. The initial production only relies on a single
aggregated expectation M, and the adaptive production in
each round only depends on the current buyer’s value and
distribution. Nevertheless, it suffices to achieve a constant
approximation to the optimal offline profit.

Theorem 3.4. Given constant o € (0,1), taking § = =2

2—a’
for any instance, the two-stage online mechanism (Algo-

rithm 1) achieves expected profit

1
ALG> —————
T (1+5)0

o —a

- OFFL

where ALG denotes the expected profit of the two-stage
online mechanism, OFFL denotes the expected profit of
the optimal offline mechanism, and C L denotes the best

constant in Rosenthal’s inequality for L= space, which
only depends on a.

The proof of this theorem utilizes Rosenthal’s inequal-
ity, which is stated below. Applying this inequality with
X; = r;, we express the optimal offline profit with the left-
hand side of the inequality, while we show that the profit of
Algorithm 1 approximates the right-hand side.

Lemma 3.5 (Rosenthal (1970)). Let X1, Xs,...,X,, be
independent non-negative random variables with E[X?] <
oo for some p > 1. Then there exists a constant C), > 0,
depending only on p, such that

<z”: Xi> < Cpmax {iE[Xﬂ, (i:EXl> } .

i=1
Specifically, the best constant Cy, is given in (Ibragimov &
Sharakhmetov, 2001) as follows: Cp, = 2, for 1 < p < 2;
Cp = Ez~poisson(1)[Z"], for p > 2. Asymptotically, C), =
O((55)")-

log p

E

Online-offline profit gap. Since the profit of the two-
stage mechanism is a lower bound on the optimal online
profit, as an immediate corollary of Theorem 3.4, we have

ONL 1 .
that OFFL = ar=jc 1 holds for all instances. That
1—a

is, the optimal online profit is a constant approximation to
the optimal offline profit given constant « € (0, 1). In com-
plement, we show an upper bound on the worst-case ratio
between the optimal online and offline profits. Tecnically,
to prove this upper bound, we analyze hard instances where
each buyer’s virtual value follows a Bernoulli(1) distribu-
tion. The binary nature of the virtual values will enable a
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closed-form analysis on the optimal online algorithm fol-
lowing Proposition 3.1. Moreover, in the limit case that
n — 400, the number of buyers with positive virtual values
will become a Poisson(1) variable, closely related to the
best constant in Rosenthal’s inequality.

Theorem 3.6. Given o € (0, 1), for sufficiently large n,
there exists an instance with n buyers such that

ONL _ 9T
OFFL — C%

— e O(E5log 15 |

where C' - is the best constant in Rosenthal’s inequality.

Note that when the elasticity parameter « is close to 1,
the constant C' . from Rosenthal’s inequality is asymp-
totically €' 1 = exp(O(1 log 1)), which is super-
exponential in . §
factor in the approximation ratios in both Theorem 3.4 and
Theorem 3.6, which demonstrates that the requirement of
online decision-making inherently incurs a worst-case profit
ratio between the optimal online and offline profits that is
super-exponential in ﬁ This also suggests that the simple
two-stage online mechanism is nearly optimal within the

class of an online mechanism.

As a result, C% is the dominant

4. Gain-from-Trade Maximization in Bilateral
Data Trading

In this section, we study a bilateral data trading scenario
between a seller and a buyer. Unlike the previous sections,
the seller is now a strategic agent with private information,
and the mechanism is designed by a third-party mediator
to maximize social welfare. Although buyer valuations
follow the same scaling-law structure, this shift leads to a
fundamentally different mechanism design problem.

4.1. Model

There is a single buyer and a single seller. The buyer has a
private value v > 0, drawn from a known distribution FB
with density fZ. The seller has a private unit cost ¢ > 0,
drawn independently from a known distribution F'° with
density f°. Both first report their types to a mediator, who
then determines the allocation and payments. If the mech-
anism allocates > 0 units of data, the buyer’s valuation
is vz®, where a € (0, 1) is the elasticity parameter, and the
seller’s cost is cx.

A bilateral-trading mechanism specifies an allocation rule
z(v,c) > 0, a payment pP (v, ¢) > 0 charged to the buyer,
and a payment p° (v, ¢) > 0 paid to the seller. The buyer’s
utility when reporting ¢ is

B(v,v;¢) =va(v,¢)* —p

and the seller’s utility reporting ¢ is
u(c,é0) = p°(v,8) — cx(v, ).

The mechanism is required to be Bayesian incentive compat-
ible and individually rational for both agents. Additionally,
it is constrained by weak budget balance in expectation, i.e.

Elp® (v, c) — p®(v,¢)] > 0.

The mediator’s objective is to maximize the expected gain-
from-trade (GFT),

GFT =E, p5 cupsva(v,c)® — cx(v,c)].

Virtual-value representation. Under truthfulness, ex-
pected payments admit a virtual-value representation. De-

fine the buyer’s virtual value ¢Z(v) = v — 1}?2()“)
the seller’s virtual cost ¢°(c) = ¢ + ?j((g)) . Then expected

payments satisfy
E[p® (v, c)] = E[¢” (v) z(v,¢)°] , 3)
E[p®(v,c)] = E[¢%(c) 2(v, 0)] . O]

A complete derivation of the payment identities on both the
buyer and seller sides is provided in Appendix C.1.

, and

4.2. First-Best and Second-Best Benchmarks

First-best. If v and c are publicly known, the welfare-
maximizing allocation solves

« p—
rilg())({vx cx},

with solution 2*(v,¢) = (awv/c)'/(*=®), This benchmark
ignores incentive and budget-balance constraints and serves

as an upper bound on the achievable gain-from-trade. The
resulting first-best GFT is

FB =E[(1 - a)at .o - 755 ]

Second-best. Among mechanisms that are truthful, indi-
vidually rational, and weakly budget balanced, the optimal
(second-best) mechanism can be characterized via a La-
grangian relaxation. There exists a multiplier A* > 0 such
that the second-best allocation is

(g = (AN ) T
e ¢+ X¢5(c) ’

whenever the numerator and denominator are positive, and 0
otherwise, interpreted using ironed virtual values when nec-
essary. A formal derivation of the second-best mechanism
is given in Appendix C.2.
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While the second-best mechanism is optimal among all
truthful and budget-balanced mechanisms, its dependence
on the endogenous multiplier A* obscures its structure and
complicates comparison with the first-best benchmark or
with the outcome of other mechanisms. Motivated by this,
we next study simpler mechanisms that admit direct compar-
ison with the first-best gain from trade and achieve explicit
constant-factor approximation guarantees.

4.3. Constant-Factor Approximation to First-Best GFT

We now turn to two simple, structurally transparent and
natural mechanisms: seller-proposing and buyer-proposing
mechanisms, each of which grants proposal power to one
side of the market. Both mechanisms are truthful and indi-
vidually rational by construction. In the classical single-item
bilateral trading setting, such as (Deng et al., 2022), the two
mechanisms must be carefully combined to achieve a con-
stant fraction of first-best GFT. As a critical distinction, in
our setting governed by scaling law, either of these two
mechanisms alone suffices to guarantee constant approx-
imation to first-best GFT, given constant « € (0,1). In
particular, the buyer-proposing mechanism achieves a 1/e
approximation ratio for any o € (0, 1).

Seller-proposing mechanism (SellerP). In the seller-
proposing mechanism, the seller receives payment from
the buyer directly, and the seller proposes an allocation that
maximizes her obtained virtual surplus based on buyer’s
virtual value. Formally, the allocation rule is

1
5% (v,¢) = (7a¢f(”)) e
+

Intuitively, the seller internalizes the buyer’s information
through the virtual value transformation, while treating her
own production cost directly. We assume F'Z is regular for
simplicity. For irregular distributions, ¢ (v) is replaced
by its ironed version, and the same applies to the buyer-
proposing mechanism when F° is irregular. All results
continue to hold.

Buyer-proposing mechanism (BuyerP). Symmetrically,
in the buyer-proposing mechanism, the buyer pays to the
seller directly, and the buyer proposes an allocation that
maximizes her obtained virtual surplus based on the seller’s
virtual cost. The resulting allocation rule is

2B (v, ¢) = (ﬁ)ﬁ )

where ¢°(c) is the seller’s virtual cost. Here the buyer re-
sponds directly to her own valuation, while incorporating the
seller’s information through the virtual cost transformation.

Decomposition of welfare. A key insight underlying our
analysis is that scaling-law valuations induce a multiplica-
tive decomposition of first-best welfare:

E [c =]

c~FS

FB=(1-a)aTs . E [Uﬁ} .
v~ FB

This decomposition isolates buyer-side and seller-side con-
tributions to welfare. Moreover, both the seller’s utility
in seller-proposing mechanisms and the buyer’s utility in
buyer-proposing mechanism can be similarly decomposed,
each replacing the term of buyer’s value or seller’s cost with
the virtual value or virtual cost, respectively. This enables
a clear analysis on their approximation ratio. A formal
statement of this property is presented in Lemma C.1 in
Appendix C.3.

Approximation guarantees. Ultilizing this decomposition
property, we obtain constant-factor approximation guaran-
tees for both mechanisms.

Theorem 4.1. The Seller-proposing mechanism achieves
1
an a1== -approximation to the first-best gain-from-trade.

Theorem 4.2. The Buyer-proposing mechanism achieves
an oT-« -approximation to the first-best gain-from-trade,
and in particular at least an 1/e-approximation.

As an immediate corollary, the second-best GFT is also at
least 1/e of the first-best GFT. Our approach differs from
that used in existing bilateral trade approximation results.
The proofs exploit the above welfare decomposition tech-
nique, and reduce the approximation analysis to inequalities
for one-dimensional integrals on the buyer or seller side.
Complete proofs are provided in Appendix C.4 and C.5.

These results show that even under bilateral private infor-
mation and truthfulness constraints, a substantial fraction of
the first-best welfare can be recovered by mechanisms with
very simple and transparent structure. Moreover, the ap-
proximation factors depend only on the scaling parameter «
and not on the underlying distributions. This highlights how
the scaling-law property of data valuations enables robust,
interpretable welfare guarantees and provides a theoretical
foundation for using simple market rules in data trading
environments.

5. Discussion and Future Work

We studied market design for data trading under scaling-
law valuations, focusing on how the non-rivalrous nature of
data and diminishing returns to scale fundamentally alter
classical mechanism design insights. Across offline, on-
line, and bilateral trading settings, we showed that simple
mechanisms with transparent structure can achieve strong
performance guarantees, including constant-factor approxi-
mations to natural welfare benchmarks. Our results in the
offline setting also extend to more general valuation models.
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5.1. Modeling Choices and Limitations

Our analysis operates under several modeling assumptions,
which define the scope of the current model and highlight
directions for future generalization.

* We adopt a power-law functional form for buyer valua-
tions, motivated by scaling laws for large model train-
ing (Kaplan et al., 2020; Hoffmann et al., 2022), which
indicate a power-law relationship between dataset size
and model performance.

* We assume the scaling exponent « is identical across
buyers and publicly known, which enables us to isolate
the role of private value v;.

* We treat data as a homogeneous good, so a buyer’s
utility depends only on the quantity received. Conse-
quently, the seller’s cost depends only on the maximum
allocated dataset size.

These assumptions align with important practical scenar-
ios, particularly in the training of foundation models where
distinct architectures frequently follow analogous scaling
trajectories. Moreover, they are standard assumptions in eco-
nomic and game-theoretic literature, facilitating rigorous
analytical tractability.

At the same time, these assumptions may not capture
complex scenarios with stronger heterogeneity, and con-
sequently, the approximation guarantees derived here may
not carry over to those richer environments without new ana-
lytical tools. Recognizing these boundaries helps situate our
contributions and motivates the open questions discussed
below.

5.2. Future Directions
Several directions for future work remain open.

Relaxing modeling assumptions. Extending the theoretical
framework to accommodate general valuation or cost func-
tions, heterogeneous or private scaling exponents, heteroge-
neous data attributes, and more complex market structures
would substantially broaden the applicability of our results.
Analytical challenges may arise due to more complicated
decision structures and information structures, necessitating
different technical approaches.

Empirical and computational evaluation. While this
paper primarily focuses on theoretical analysis providing
worst-case guarantees and structural characterizations, em-
pirical validation on synthetic or real-world data distribu-
tions remains a valuable future direction. Such investiga-
tions would illuminate the average-case performance and
practical efficacy of the proposed mechanisms.

Unknown priors and dynamic learning. Our mechanism
design framework assumes known prior distributions over
valuations. A further direction is to incorporate online learn-
ing of unknown underlying distributions of demands and
valuations.
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Appendix
A. Missing Proofs in Section 2

A.1. Envelope Characterization for Scaling-Law Ultilities

In this section, we derive the envelope and payment identities used in Section 2. Consider a direct-revelation mechanism
(z(-), p(+)) with type profile v = (v1, ..., v,), where buyer i receives allocation xz;(v) > 0 and pays p;(v). Fix a buyer ¢
and fix v_;. If buyer ¢’s true type is v; and she reports 9;, her (ex-post) utility is

ui (vi, V33 0—4) = vy 2 (05, v_4)" — pi Vg, v_4).
Define the interim allocation and interim payment (as functions of buyer ¢’s report)

yi(vi) == E [zi(vi,v-4)],  Di(vi) == E [pi(vi,v-i)],

V4 V4

and the interim truthful utility

Ui(vi) == E [vizi(vi,v_4)" — pi(vi,v_i)] = viyi(vi) — pi(vi)-

vy

Bayesian incentive compatibility (BIC) implies that for all v;, v; > 0,
Ui(vi) > vy (0;) — Di(0;).
Applying this inequality twice (once with (v;, 0;) and once with (9;, v;)), for any v; > v. we obtain
(vi —v) yi(vy) < Ui(vi) = Ui(v]) < (vi — ) yi(vy).
)

In particular, y;(-) is nondecreasing, and Uj is absolutely continuous with U} (v;) = y;(v;) for almost every v;. Normalizing
U;(0) = 0 (which is without loss under interim IR), we get the envelope formula

Substituting U; (v;) = v;y;(v;) — pi(v;) yields the interim payment identity

Pi(vi) = vi yi(v3) —/ y;(t) dt,
0
which is (1).

A.2. Derivation of Expected Revenue and Profit

In this section, we derive the virtual-value representation (2). From (1), for each buyer ¢ we have

v, v;

Elpi(v)] = E[viyi(vi)] — E [/quz i (t) dt] .

Writing the expectations as integrals (with v; ~ F; and density f;),
(o)
F[Uiyi(vi)] = / vy (vi) fi (i) dvi,
4 0
and by Fubini’s theorem,

5| [ uwd| = [Tuw - Roya= [T 00 f)an,

Therefore,

o] = [ (o= 2500 ) o) e s
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Define buyer ¢’s (Myerson) virtual value

(0 — o — 1—Fl('l)z)
dilvi) - ' fi(vi) '

Using y; (v;) = Eo_, [ (vs, v—;)*] and the law of iterated expectation, we obtain the standard virtual-surplus form:
Elpi(v)] = El¢i(vi) zi(v)].

Summing over buyers and subtracting the production cost (in the offline model, the seller produces D = max; z;(v) and
pays cost cD) gives

E[Prof] = E

which is (2).
A.3. Proof of Theorem 2.2

Proof. By (2), the seller’s objective is to maximize

Prof = E

v

Zqﬁi(vi)aci(v)o‘ —c maxmi(v)] .

P i€[n]

For possibly irregular distributions, by (Myerson, 1981), the virtual values can be replaced by ironed virtual values under
allocation monotonicity, that is,

Prof = E ;rvi z;(v)Y — cmaxz;(v)] .
£ |3 o ) a0 — e ua ()]
Reduction to a single decision variable. Fix a realized type profile (v1,...,v,). Let S = {i : ¢!*(v;) > 0} denote the

set of buyers with positive virtual values. For any feasible allocation, decreasing x; for buyers with ¢i(v;) < 0 weakly
increases profit, so in any optimal solution z; = 0 for all i ¢ S.

For buyers in .S, suppose the seller produces a dataset of size D and allocates x; < D to each i € S. Since the virtual
surplus term is increasing in x; for ¢¥' (v;) > 0, optimality requires x; = D for all ¢ € S. Hence the problem reduces to
choosing D > 0 to maximize

> ¢ (v;) D* — D,

i€S

Z i D® — Cl)7

1€[n]

which equals

where 7; = max{¢/ (v;),0}.

Optimal production level. The objective is concave in D. The first-order condition is

aD*™! Z = ¢
€S
which yields the unique maximizer
1
« o
c
icS

Substituting back gives the allocation stated in Theorem 2.2.

13
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Payments. Given the allocation rule, payments are determined by the Bayesian envelope formula. For each buyer ¢,

v;
pi(vi,v—) = viwi(vi, v_)" — / zi(t,v_)" dt,
0
This completes the proof. O

A.4. Extension to Generalized Valuation

In this section, we consider a generalized form of buyers’ valuation for allocated data. For each buyer i € [n], suppose her
valuation given allocation x; > 0 is
Vi(vi, zi) = vi - hi(i),

where h; (z;) represents the exploitable return of data volume. If h;(z;) = x¢, it recovers our main setting. We assume that

h;(x;) is a publicly known function which is continuous and non-decreasing in z;, and assume an eventually diminishing
hi(z) _

return, that is, limg, 0o =

We generalize the optimal mechanism in Theorem 2.2 to this setting.

Theorem A.1. In the optimal offline mechanism, all buyers with positive ironed virtual values (i.e. 7;¢'* (v;) > 0) receive
the same allocation D*. Specifically,

D*(v) = arg%g)o(;m -hi(D)—¢D,

and

zi(v) = {D*(UL ri >0

0, otherwise.

Proof. Similar to the proof of Theorem 2.2, the optimal mechanism maximizes

Prof = E Z A (vg) hi(zi(v)) — ¢ IEZ[D](JUL(U)
v i—1 K3 n
Fix a realized type profile (vq,...,v,). Let S = {i : ¢!*(v;) > 0} denote the set of buyers with positive virtual values. For

any feasible allocation, decreasing x; for buyers with ¢if (v;) < 0 weakly increases profit, so in any optimal solution x; = 0
foralli ¢ S.

For buyers in .S, suppose the seller produces a dataset of size D and allocates x; < D to each ¢ € .S. Since the virtual
surplus term is increasing in x; for ¢} (v;) > 0, optimality requires x; = D for all ¢ € S. Hence the problem reduces to
choosing D > 0 to maximize

Z ¢} (vi) hi(D) — ¢D,
ics
which equals

Z T hL(D) - CD,

i€[n]

where 7; = max{¢/ (v;),0}.

Optimal production level. Although the objective is not necessarily concave in D, by the assumption of eventually
diminishing return and finiteness of virtual values, we have

lim Z rihi(D) —cD = —o0.
i€[n]

D—o0

Therefore, there exists a finite optimal solution D* = argmaxp>o Zl e[ Ti h;(D) — ¢D. If there are multiple optimal
solutions, take the smallest one, which exists by continuity.

14
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Allocation monotonicity. Now we prove that this yields a monotone allocation rule. It suffices to show that D*(v)
is weakly increasing in each v;. Suppose for contradiction that D*(v;,v_;) > D*(v},v_;) for some v; < v]. Define
Dy = D*(v;,v—;), Dy = D*(v},v_;), and

Hy(D) = Y (¢ (v;))+h;(D),

J€[n]

Hy(D) = (65" (v})1hi(D) + Y (¢ (v))1+hy(D).
Jen\ {4}
Then we have
Hl(Dl) — CD1 > Hl(Dg) — CDQ, HQ(Dl) — CD1 < H2(D2) — CD27

where the first inequality is strict because the tie-breaking would be in favor of Ds.

By subtraction, we have
H1 (D]_) — HQ(Dl) > H1 (DQ) — HQ(DQ)

That is, ' '
(65 (vi)+ — (&3 (v))+)(hi(D1) — hi(D2)) > 0

We have h;(D1) > h;(Ds) by the monotonicity of h;. Also, since v; < v}, we have (¢iF (v;))+ — (¢ (v]))+ < 0. It follows
that ((¢F (v;))+ — (¢ (v]))+)(hi(D1) — hi(D2)) < 0, which contradicts.

Therefore, the resulting allocation rule is monotone, and the mechanism satisfies incentive compatibility and individual
rationality with payment rule determined by the payment identity.

O

B. Missing Proofs in Section 3
B.1. Proof of Proposition 3.1

Proof. We prove the dynamic programming characterization by backward induction. Recall that for each round ¢ €
{1,...,n + 1} and current data level L > 0 (i.e. D;_1 = L), define I';(L) as the maximum expected profit from buyers
i,...,n minus the total production cost cD,,, given that the data level at the start of round ¢ is L. The boundary condition
and recursion are derived as follows.

Base case (¢ = n + 1): After all n buyers have been served, no further payments are collected. The total production cost is
c times the final data level D,,. Given that the data level at the start of round n + 1 is L (i.e., D,, = L), the profit from round
n + 1 onward is —cL. Thus,

Fn+1(L) = —cL.

Inductive step (i < n): Assume I'; (L) correctly represents the maximum expected future profit from rounds i + 1 to n
minus cD,,, given initial data level L at round ¢ 4+ 1. At round ¢, the initial data level is L = D,_;. The seller observes
buyer ¢’s reported type ©;. By incentive compatibility (IC), we may assume truthful reporting (0; = v; ~ F;). The seller
chooses a production level D; > L and determines allocation x; and payment p;.

By the virtual welfare representation (analogous to Section 2), under IC and individual rationality (IR), the expected payment
from buyer ¢ satisfies
Elp; | vi, Di] = E[rizf* | vi, Dy,

where r; = (¢ (v;))4 is the non-negative ironed virtual value, and ¢! is the ironed virtual value function ensuring
monotonicity of the allocation rule. For fixed D;, the optimal allocation is x; = D; if r; > 0 and x; = 0 otherwise, which is
monotone in v; due to the ironing procedure. This yields an immediate expected virtual surplus of r; Df".

The data is non-rivalrous, so the post-production data level D, carries forward to round ¢ + 1 unchanged by allocation. The
expected future profit from round ¢ + 1 to n is I';; 1 (D;). The seller maximizes the sum of immediate virtual surplus and
future profit over D; > L:

max {7 D" + Lia(Di)} -
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Taking expectation over v; ~ Fj,

[i(L) = Ey;np; | max {riD + Ty 1 (D)}

Finiteness and concavity: To show that IT';(L) is well-defined, we prove that the maximized objective H;(x) := r;z* 4+
T';41(x) is concave in z for each realization of 7;, and is maximized at finite . Concavity follows by induction: T, 1 (x) =
—cx is concave, and if T'; 1 is concave, then H; () is concave as a non-negative weighted sum of concave functions (2 is
concave for & € (0,1] and I'; 1 concave by hypothesis). Since ¢ > 0 and virtual values are bounded, H;(z) — —oc as
x — 00, ensuring a finite maximizer. Thus, D;(r;) = arg max, > H;(z) exists and is finite.

Optimal policy: Given L and v;, the optimal production level maximizes H;(z;) subject to z; > L. By concavity,
D}(L,v;) =max {L,D;(r;)} .

The allocation rule is
. D} (L,v;) ifr; >0,
;E,L- (L, 'Ui) = ( ) .
0 if r; =0,

which ensures IC and IR. The payment p; is set via the envelope theorem to satisfy IC and extract surplus. This policy is
optimal by construction of T';(L).

Finally, I'; (0) is the expected profit of the optimal online mechanism, denoted ONL. O

B.2. Proof of Theorem 3.2

Proof. Consider an instance with n buyers. For each ¢, let F; be the degenerate distribution at v; = 1. Thus, r; =
(¢i(vi))y = 1foralli.

Profit of the myopic greedy mechanism. The myopic greedy mechanism solves, in each round 4,

1
11—«
MY = arg max{z® — cx} = (9) .
x>0 ¢

Each buyer receives this amount of data, so the total virtual surplus equals

o

n -
1—a
E % = n<9> .
C
i=1

Since production is shared, the total cost equals

1 o
11—« 1—a
cmaxx; =cl| & =& .
i (& (&

a

ALG = (n—a) (%) e

Hence the greedy profit is

Optimal online profit. The optimal online mechanism aggregates demand across all buyers and the optimal production

level is )
D = D — D} = ()"
arg max{n cD} = (% :

yielding profit

11—

ONL = (1 — oz)nﬁ (%)

Approximation ratio. The ratio of profit between myopic greedy mechanism to optimal online profit is therefore
ALG n—ao

which proves the theorem. O
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B.3. Proof of Theorem 3.3

Proof. Let H > 1 be a sufficiently large constant to be determined later. Construct the instance such that each buyer has

virtual value ¢;(v;) = H with probability —- and ¢;(v;) = 0 otherwise. Specifically, each buyer’s value v; follows the
;> H

truncated equal-revenue distribution with CDF Fj(v;) =< 1 Vi = .

max{0,1 — -}, v; €[0,H)

Expected profit of a non-adaptive mechanism. Consider any non-adaptive mechanism that commits to a production
level D before observing buyer values. The expectation of each buyer’s virtual value is % Thus, the expected virtual surplus
given production level D is

E

qui(vi)‘| D = D%,
And the expected profit is
D% —¢D.
This is maximized when taking D = DN4 = (%) ﬁ, which yields the optimal profit of any non-adaptive mechanism:

o

ALG = (1-a) (3) T

Cc

Optimal online benchmark. Consider an adaptive online mechanism that produces data with a fixed amount of

1

- ()

C

when it sees the first buyer with ¢;(v;) = H, and sells the data to all buyers with ¢;(v;) = H. Otherwise, it produces 0
amount of data when all buyers’ virtual values are zero. Here D* is selected to maximize the expected profit based on the
value distributions.

With probability 1 — (1 — T%H)” > %, at least one buyer has virtual value /1. Conditioning on this event, the adaptive

online mechanism’s expected profit is at least

e

1

HD*® —¢D* = (1 —a)("‘) it

(&

And when this event does not happen, the online mechanism obtains profit 0.

Taking expectation, this adaptive online mechanism obtains expected profit

a

o\ Tom 1 n o\ o8 oo
(-a)(2) T THTE (1= (1= %)) = (1 -a)(2) T HT,
which is a lower bound of the optimal online mechanism. That is,

—a
11—«

ONL > (1 — a)(%) HT=,

Approximation gap. Therefore, for any non-adaptive mechanism,

ALG __a
- < —o
ONL —
which tends to 0 when H is sufficiently large. This completes the proof. O

B.4. Pseudocode for Two-stage Online Mechanism

17
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Algorithm 1 Two-stage Online Mechanism

1: Input: distributions F7, ..., F,, cost ¢, elasticity « € (0, 1), parameter § € (0, 1)
2: Compute M = Y1 | E[r;]

30 Set Dy = (2(1 — o)M) "/

4: fori =1tondo

5. Observe reported value ©;

6:  Compute r; < max{¢;(0;),0}

7: if r; > 0 then

8 Set xMG «— (arl 1/(1-a)

9 Set D +— max{D;_1, x NG} and allocate z; < D;

10: Charge payment p; according to Myerson’s payment identity
11:  else

12: Setx; < 0,D; + D; 4

13:  endif

14: end for

B.5. Proof of Theorem 3.4
Proof. We utilize Rosenthal’s inequality (Lemma 3.5) to prove theorem 3.4.

To apply Lemma 3.5, we derive the ofﬂine optimal profit, denoted by OFFL, and derive a lower bound on the expected
profit of Algorithm 1 With parameter § = 5=, denoted by ALG, stated in the following two lemmas.

1

Lemma B.1. OFFL = (1 — a)(2)™= E[(Zie[n] ri) =5 .

Lemma B.2. ALG > 1=2(1 — a)(%) —a max{zle[n]E [ == } 7(Zi€[n] E[Tz])ﬁ}

-

Applying Lemma 3.5, we have E[(3_,c(, ri)ﬁ] < O -max{) ., E {T-la} (i E[ri])ﬁ} holds with

constant C o . Connecting with Lemma B.1 and Lemma B.2, we have OFFL < === C’ o - ALG, which implies the
theorem.

Below we prove Lemma B.1 and Lemma B.2.

For Lemma B.1, recall that the offline profit-optimal mechanism produces a data amount of

* P — . . o —
D*(vy,-+- ,v,) = arg max Zl max{¢;(v;)z*, 0} — cx
1=

And its expected profit is

E[Zri : D*<’U17"' 7’Un>a - CD*(’U:U"' )U’I’L)]

18
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This proves Lemma B.1.

Next, we prove Lemma B.2. Let T' = (1 — §) M, recall that Dy = (%)ﬁ Recall that the two-stage online mechanism
(Algorithm 1) produces data in the online stage only when there is some r; > T'. More specifically, the amount of data at
each round is D; = (¢ max{T,r,- - ,ri})ﬁ. Therefore, we have

ALG = E[Z rixg —cDy]

i=1

=E[>_riDf —cD,]
i=1

> (g)ﬁ E [Zh max{7T,r;} 7=
¢ i=1
—amax{T,ry,--- ,rn}ﬁ] 5)

Here the second equation is because x; = D; whenever 7; > 0, and the inequality is because D; > (2 max{T,r;}) 7=

1 e 1
— [e3 T—a — aN\T—a T—a
and cD,, = c(E max{T,ry,--- , 7, }) 7= = (%)== max{T,ry, - ,rp}T-=.
To lower bound ALG, we discuss two cases depending on the maximum of rq,- -+ , 7.

Case A. When max;¢ [n] Ti > T, we can lower-bound the virtual welfare part,

n

Z r; max{T,r;} T-a

i=1

:Z”(T% Ir; < T) 47" I[r; > T))

i=1

>N 00l < TH(L= )T + 6077 ) + 3 1ry > Tlr=.

i=1 i=1

And we can also lower-bound the cost part,

—amax{T,ry,- - ,rn}ﬁ

L o
=—(1-9§)aTT™= — am?)]c(ril’o‘ —(1- 6)Tﬁ)
S

n 1
>~ (1-80)al™s —a Y 1[r; > T)(r[" — (1-8)TT=).
i=1
Combining together, we have

n
Zri max{T, ri}ﬁ —amax{T,ry,--- ,rn}ﬁ
i=1

Pl S TY(L = OTT% +0r17) = (1= )aT ™=

NE

>
1

.
Il

n 1 1

+ 3 0 > TIr " = ar] " + (1 - 8)aTTs) (6)

i=1
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1
Observe that (1 — a)r,'™® = maxg>o rz® — ax > ri(Tﬁ)o‘ = a(Tﬁ) for all ¢ € [n], which implies

1

n 1 1
ZH[H >T)(rf s —arf ™ +(1— 5)04Tﬁ)
i=1

zéiﬂ[n > T)(1— a)ril%“
+(1-9) i:]l[ri > T)((1 - a)ril%a n aTﬁ)
Z5anﬂ[n >T)(1 - a)r;%“ +(1-9) zn:]l[n' > Tlr T

i=1 i=1

Combining with (6), we have

n
Zri max{T, 7"2-}ﬁ —amax{T,ry,- - ,rn}ﬁ
i=1

>S il < T)((1— 6T + 6] 7)

I

Il
-

—(1=6)aTT=

+8> 1 > T)(1— o))"
=1

+(1=0)) 1 > Tlr T

i=1

=(1-6)(Y_rT™s — al'™=)
=1

+ 52(1 —allr; >T)r) =
i=1

i
T—

>(1-19) ZriTﬁ — ol + (52(1 —a)r .
i=1 i=1

Here the inequality is because (1 — 5)04Tﬁ <oTT=and1— allr; >T]>1— .

Case B. When max;e[n] T < T, we have
n
o4 1
Zri max{T,r;} -« —amax{T,ry, - ,rp}T-=
i=1

n
o 1
= g r, I'T-o — 'T-=
=1
n

=(1-9) Z 1T — aTT% +§ Z r ™=
i=1 i=1

1
T—

2(1—6)ZriTﬁ —aTT= —i—(52:(1—04)7“Z *,
i=1 i=1

where the inequality is because 1 —a < landr; < T.
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Combining cases A and B, it always holds that

n
Zn— max{T, m}ﬁ —amax{T,ry,--- ﬂ"n}ﬁ
i=1
n 1

2(175)iriTﬁ —aTT= +5(1*O‘)Z7"1‘1j'

i=1 i=1

Taking expectation, recalling 7' = (1 — §)M = (1 — §) E[>__, 7], we have

E[Z rimax{T,r;} T-a — amax{T,ry, - ,rn}ﬁ]

i=1

>E [(1—5)271:”

i=1

o n 1
T — oTT= +4(1— a)ZE [rila]

*Tlafolea+51—a Z]E{r ]
=1

n

1=6)>

H
| |
Q
_|_
(«%)
—~
—_
I
Q
~—
INgE
&
| —
=
S
| |~
R
—_

=(1-a)E
i=1 i=1
It follows that
n 1
IE[Z rymax{T,r;} 7o —amax{T,ry, - ,7,}1T-7]
i=1
= n )
>(1- ) (Zm) +6<1a)ZE[r2‘ﬂ
i=1
>(1 — ) min{(1 — )E,CS}
n 1% n 1
ax{@mm]) e[}
i=1 i=1
We have (1 — 5)1 « >1— 2. Taking § = , we have min{(1 — )ﬁ,é} = %:—g

Combining with (5), we have

o o (e )

which completes the proof of Lemma B.2 and Theorem 3.4. O

B.6. Proof of Theorem 3.6

Proof. For convenience, we assume ¢ = « without loss of generality (for general ¢ > 0, it is equivalent after scaling all
values with a multiplicative factor £).

Suppose n is sufficiently large. We construct an instance I,, with n buyers, such that each buyer’s virtual value ¢;(v;)
independently follows the Bernoulli distribution Bernoulli(1), i.e., ¢;(v;) = 1 with probability 1. Specifically, each
1, (3 Z 1

buyer’s value v; follows the truncated equal-revenue distribution with CDF F;(v;) = 1 .
max{0,1 — -}, v; €[0,1)

Our analysis consists of three steps. Firstly, we derive the expected profit ONL(I,,) of the optimal online mechanism
characterized by Proposition 3.1, and also calculate the expected profit OFFL(I,,) of the optimal offline mechanism.
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Secondly, we let n tend to infinity, and rewrite the limits of ONL and OFFL as integrals. Thirdly, we show that the limit of
OFFL can be expressed with C%, and derive an upper bound of 20(2%) on the limit of ONL.

First, we explicitly characterize the optimal online mechanism for instance I, solved from the backward induction process
in Proposition 3.1.

Recall the recursive characterization from Proposition 3.1: For i =n,--- , 1,

Li(L) = E_[maxmax{0, ¢;(v;)} D + i1 (Di)]

’UiNFi 1
with Ty, 1(L) := —cL = —aL (assuming ¢ = ).
1

Under instance I,,, for each ¢ € [n] we have max{0, ¢;(v;)} ~ Bernoulli(--), so we have

D) = (s DF + Tsa (D) + (1= 5) (e Tisa (D)

D;>L n

3=

ONL(I,) = T'1(0). We prove the following structural result:

Lemma B.3. Under instance I,,, for eachi = n,--- ,1, T';(L) is concave and decreasing in L € [0, +00). Moreover, there
is a threshold T; := (1 + %)ﬁ such that

T,(L) = .
(L) noitlpe o, L>T,.

{a—;wﬁmm+;u—axv%zwf« L<T;,
Specifically, the optimal online mechanism for I,, only produces data at most once. It produces T’; amount of data when it
encounters the first buyer i with v; = 1, and produces nothing if all values are zero.

We prove Lemma B.3 by induction. For ¢ = n, we can directly calculate

1
ax Dy —aD,)— (1 - —)aL
>L n

Ln(L) = (Dmn

(1-LYaL+i(1-a), L1
Lo —al, L>1

Il
— 3=
Sh= |

which satisfies the lemma, where 7}, = 1. For any ¢ < n, assume for induction that I'; | 1 (L) satisfies the lemma.

Firstly, since both D¢ and I'; 1 (D;) are concave in D;, we have D¥ + I'; 1 (D;) is concave in D;, and it is maximized at
D+ T (D}), L<D;
) LY+ T (D), L > D:
decreasing in L. Therefore, I';(L) = X (maxp,>r D{ 4+ I'i11(D;)) + (1 — 2)T;41 (L) is concave and decreasing in L.

some D} € [0, +00). Then we have maxp,>y, D¢ + I'i41(D;) , which is concave and

Moreover, by the lemma statement I'; 1 (L) is increasing on [0, T;11], so D + I';41(D;) is strictly increasng in D; €
[0, T;+1], which implies that D} > T; ;. By induction assumption, we have

Dy =arg max D+ Lita(Ds)

—(e+1 1
M;HD.O‘—QDZ-

=arg max Dj + b

D;>Tit1
n—1

=arg max (14 VDY — aD;

D;>Tit1
n—1 1
)141 =T

—(1+
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Then, for any L > 0, we have

max DY +T'i1(Dy)

(1+24)D:* —aD;, L<Dj,
n-iyre _ oL, L > D},
+

(1+
(1-a)(1+2=)=, L<T,
(1+29)L* —al, L>T,.

Recall that T';(L) = L(maxp,> D¢ + Tip1(D;)) + (1 — L) (maxp, > Tit1(D;)). Since I'ipq(D;) is decreasing, we

Q

have maxp, >z ['it1(D;) = 1+1(L) and combining with the equation above, we have
(L) = (1= PP (L) + 5 (1 —a)(1 + 2=4)7 ==, L<T,
' (1- i (D) + 2((1+ 241> —al), L>T,
= DT (D) + 20— o)1 4 =), L<T,
Tl -b=ie —an) + L1+ =)0 —al), L>T,
- Hha @) + 21— )1+ s, LT,
|\ —al, L>T.

That is, I'; (L) satisfies the lemma. By induction, Lemma B.3 holds for all i € [n].

By Lemma B.3, we obtain

ONL(,) = T1(0) = 31— ) (1 - a)(1 + ) s, )

Next, we derive OFFL(Z,):
OFFL(I,)= E [(1-a)(} éi(w))™=]=(1-a) E  [Z7%]. ®)

Z~Binomial(n,1)

Now we consider the limit case when n tends to infinity. From (7), we have

. 1 n—1 1
nll)néo ONL(I,) = nh—>n<>loz 1 —a)(1+ - )T=a
1 1
=(1- a)/ e (2 —t)Tadt.
0
From (8), we have
lim OFFL(I,) = lim (1 — «) E [Zﬁ]
oo n—o0 ZNBinomial(n,%)

=(l-a) E (777
Z~Poisson(1)

=(1-a)C_o_.

Finally, since fo H2—t)Tedt < f e~t2Tadt = (1 — e 1)2T% < 27w, we have

ONL(I,) [ye'(2—t)T=dt 27

= <
ntoo OFFL(T,,) C Ci
Therefore, for sufficiently large n, we have OFI\;I;J((I i )) < glz which completes the proof. O

—a
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C. Missing Proofs in Section 4
C.1. Proof of Payment Identities

We derive the expected payment identities and virtual value representations in section 4.1.

Buyer side. Fix c and view the buyer as a single-parameter agent with value v. Let up (v, ¢) denote the buyer’s utility
when truthfully reporting v. Incentive compatibility and individual rationality implies the envelope condition

7UB(U7C) = J?(’U, C)aa UB(Ov C) = 07

ov

hence

up(v,c) :/ x(t, c)® dt.
0
Using up (v, c¢) = vr(v,c)® — p?(v, c), the payment rule is
pP(v,¢) = va(v,c)® — / x(t, ) dt.
0

Taking expectation and applying Fubini’s theorem,

Ey.c[p? (v,0)] = By cJvz(v,¢)®] — B, [

_E,. K - 1}58”) x(uc)a} .

h
8
&
—
ﬂ@t-
)
N~—
Q
o
|
|
s}
—
&
SN—
QL
P

Defining ¢% (v) = v — 75 (") yields

]E1,7C[pB (v,0)] =Eq ¢ [gbB(v) x(v, c)a} .

Seller side. Fix v and treat the seller as a single-parameter agent with cost ¢. Let ug(c, v) denote the seller’s utility when
truthfully reporting c. Incentive compatibility and individual rationality implies

—ug(c,v) = —x(v,c), ug (0o, v) =0,
c

0

SO

ug(c,v) :/ z(v, t) dt.
Since us(c,v) = p°(v,c) — cx(v, c), we have
p°(v,¢) = cx(v,¢) + / x(v,t) dt.

Taking expectation,

B (0,0 = By oo, ] + B, | [ a(o )PS0
—E,. Kc + ?SS((;)) (v, c)] .

IEy,C[pS(v7 )] =E,. [(bs(c) (v, c)] )

24
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C.2. Derivation of Second Best Mechanism

Using the virtual value and virtual cost functions, the weak budget-balance constraint can be rewritten as:

E, . [qu(v) cx(v, ) — ¢S(c) - z(v, c)} > 0.

where ¢ (v) is the buyer’s virtual value and ¢ (c) is the seller’s virtual cost. We characterize the second-best mechanism
via a Lagrangian relaxation of the budget balance constraint. Let A > 0 denote the Lagrange multiplier associated with this
constraint. The resulting relaxed problem can be written as:

max Ey.c [(0+ 207 (v)) - 2(v,0)% = (¢ + A% (c)) - z(v, )] . ©9)

The unique maximizer for equation 9 is given by

whenever the numerator and denominator are positive, and z(v,c¢) = 0 otherwise. This yields the allocation rule of
second-best mechanism stated in Section 4.2. When F'Z is regular, since QSB (v) is increasing in v and A > 0, the numerator
is increasing in v. Similarly, when F'* is regular (for virtual cost), ¢°(c) is increasing in ¢, and the denominator is increasing
in c. For irregular distributions, the virtual value or virtual cost function is replaced by the ironed version to ensure
monotonicity.

By construction, the allocation is monotone increasing in v and decreasing in ¢, hence implementable by a truthful and
individually rational mechanism. The payments follow from Myerson’s payment identities.

Finally, since the budget balance constraint is linear and the relaxed problem is concave, strong duality holds. Therefore, there
exists a multiplier A* > 0 such that the budget balance constraint holds with equality, which completes the characterization
of the second-best mechanism.

C.3. Preparations for Theorem 4.1 and Theorem 4.2

Before proving Theorem 4.1 and Theorem 4.2, we formally state the welfare decomposition technique in the following
technical lemma.
Lemma C.1. Given a € (0, 1), define function

W(v,c) := maxv - 2% — cx
x>0

Sorv € (—o0,+00) and ¢ € (0,400), i.e., the first-best GFT when buyer has value v and seller has cost c. Here we allow
v to be negative for technical convenience. Then we have

W(o.e) = (1= a)a™ - (@) 7 e 7,

o
which is achieved by x = (%) ™",

1

Specifically, define W5 (v) := (v)1~* and W*(c) := ¢~ 1o, we can write W (v, ¢) as

W(v,e) = (1—a)a™a - WE@w)- WS (c).

Then the first-best gain-from-trade can be expressed as

FB=(1-a)a™ - E_[WPW)]- E W)

v~ FB c~FS

Proof. For v < 0, we have max,;>o v - z* — cx < 0, so the maximum is W (v, ¢) = 0, obtained with x = 0. For v > 0, by

<)

solving max,>o v - £ — cx with first order condition, the maximum is obtained at z = (%”)T==. Combining the two cases,

25



Selling Data as a Digital Good with Scaling Valuations

1
the optimal solution is 2 = (%), It follows

By definition of FB, we have
FB = E [W (v, c)]
v~FB e~ FS
= E [1—a)a™s -WEBW) - W9 ()
v~EFB e~ FS

(1-a)ams - E W) E _[W5).

v~ FB c~FS

The last equation is because v, ¢ are independent. O

We will also apply the following Hardy’s inequality.

Lemma C.2 (Hardy (1920)). Let f(x) be a non-negative integrable function on [0, a]. Define F(z) = [ f(t)dt. Then for
anyp <0orp>1,

/()G<F5f)>pd$ < (5 /0 " (Fla))da.

C.4. Proof of Theorem 4.1

Proof. In this proof, we firstly utilize the welfare decomposition technique to derive a lower bound on the approximation
ratio, which only depends on the buyer’s value distribution /5. The relationship between the quantile-space representation
of value distribution and virtual value distribution then allows us to apply Hardy’s inequality and derive a constant bound.

For convenience, we assume F'? is regular for now, and we will show that this is without loss of generality later.
Firstly, since the gain-from-trade SellerP is at least seller’s expected utility, which can be expressed as seller’s virtual
surplus, we have

SellerP > SellerU := E [max ¢ (v)2® — cz]
v~FB e S 120

= E [W(e"(v)c)

v~EFB e~ FS

= E [1-a)ams - WGP () W)

v~FB c~nFS

=(1-a)a™s E W) E V()]

v~FB c~F'S
Here the third equation is by Lemma C.1, the fourth equation is by the independence of v and c.

By Lemma C.1, similarly, we express the first-best gain-from-trade as

FB=(1-a)a™ E_[W7()] E_[W5().

v~FB c~FS

Combining together, we obtain

SellerU _ By ps [WP (67 (v))]

FB Eon s [WH (v)]

Therefore, we aim to prove that

B WOOPW)]
P Eypopn [WE(0) |
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For convenience, we express a distribution F'Z in quantile space. Define quantile function vZ(q) = (FZ)~1(1 — q). vB(q)
is weakly decreasing in ¢ € [0, 1]. Viewing ¢ as a random variable, it is well-known that the distribution of v (q) is F'Z
when ¢ is drawn from U0, 1]. We can rewrite

Eorrs (W5 (05 (0))] _ Eqnvpa W5 (67 (07 ()]
Eonrs [WE(v)] Eq~upo,1 [WF (v (q))]

Define the revenue curve R (q) = ¢ - vP(q), it holds that (RP)'(¢) = #Z(vP(q)). It follows that v2(q) = @ =
é (fo &P (vB(t))dt). For convenience define the virtual value in quantile space ¥(q) = ¢” (v?(q)), a distribution F'¥ is

regular if and only if ¢)(¢) is non-increasing in ¢ € [0, 1].

Now we show that the assumption that F'Z is regular is without loss of generality. Suppose F'Z is an irregular distribution,
then we replace ¢ (v) with the ironed virtual value ¢ (v) in the above derivation, and it leads to a ratio

SellerU _ By pn[W7 (45 (v))]
FB  E,rs[WB(@)]

Now consider a regular distribution such that its virtual value in quantile space is 1, (q) = ¢Z(v2(q)). Denote this
distribution by F'Z, and define v i B(q) denoting its corresponding quantile function, and RB (¢ denotlng its revenue curve.

)
By (Myerson, 1981), R%(q) is the upper convex hull of R?(q). Therefore, vZ(q) = R*q(q) > ( ) = vB(q). Then we
have
Evrn [(WEGE )] _ EqvpaWPGR (0P @) | EanvonWP (@4 (@)] _ Eonrp WP (02(0))
By [WE(0)] Eovio)[WE@E(@)]  ~ EgovpoyWE(©E ()] Eyrz[WE()]

where the inequality is because ¢f (v5(q)) = 14 (¢) but v (¢q) < v¥(g), and WP is non-decreasing. That is, there is a
regular distribution Ff leading to a (weakly) worse ratio than the irregular distribution F'Z, so it is without loss of generality
to only consider regular distributions in our worst-case analysis.

Similarly, we can also assume the virtual values to be non-negative, i.e. ¥(q) > 0. The reason is, supposing that
¥(g) < 0 for some ¢, we can define ¢4 (¢) = max{(q),0} and consider the value distribution F'¥ given by v¥(¢) =
7 (Jo ¥4 (t)dt). We have v (q) = ¢ ([ ¥+ (t)dt) > & (fo ¢ (t)dt) = v (q). It follows that Egrrjo,1)[W 7 (¢ (q))dg] =
Eq~v0,1[WZ (04 (t))] but Egrro,1[WE (07 (q))] < Equuio,][WE (v (q))], that is, the constructed distribution with
non-negative virtual values is weakly worse.

Now we analyze the worst case, focusing on regular distributions with non-negative virtual values. We rewrite
SellerU _ Eq~Ul0,1] (W5 (67 (v (q)))]
FB Eq~vo,1)[WE (B (q))]
1
_ fo WB(¢(Q))dq
=1
Jo WE(; [3 w(t)dt)dg

Recall that W5 (v) = max{v,0} ™= . We have

o WP ((0)da @
Jyws( [Tpdtydg  f (& ()t dg

By Hardy’s inequality (Lemma C.2), we have

/ /¢ dtladq<(1
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It follows that
inf Ey~rB [WB((bB (U))]
F5  Eynps[W5(v)]
1 1
o JoW(a)Tedg
- 1 _1
vO) [ (3 fo e(t)dt) = dg
That is, % > % > aﬁ for any distribution FB. This completes the proof of Theorem 4.1. O

C.5. Proof of Theorem 4.2

Proof. This proof follows similar steps as the proof of Theorem 4.1. We firstly utilize the welfare decomposition technique
to derive a lower bound on the approximation ratio, which only depends on the seller’s cost distribution F'. The relationship
between the quantile-space representation of cost distribution and virtual cost distribution then allows us to apply Hardy’s
inequality and derive a constant bound.

For convenience, we assume the distribution F'° is regular for virtual cost, i.e., cZ)S (¢) is non-decreasing in c. Later we will
show that this is without loss of generality.

Similar to the proof of Theorem 4.1, we can lower-bound the gain-from-trade BuyerP by buyer’s utility in buyer-proposing
mechanism, equal to the virtual surplus

BuyerP > BuyerU := E [max vz® — ¢°(c)z]

v~FB cnFS 20

= E W)

v~FB c~FS

(1-a)am™s E W) E _[W(6°(0).

v~FB c~F'S

The second and third equalities are by Lemma C.1 and independence of v and c.

By Lemma C.1, the first-best gain-from-trade can be expressed as

FB=(1-a)a™ E [WP@)] E_[W().

v~ FB c~FS

Therefore, we have

BuyerU E.ups [WS(¢S(C))]_

FB Ec~ps [W5(c)]

And we aim to prove that

S Eers V5@ @) | e
o) R

Without loss of generality, assume the support of F'° is non-negative and bounded. For convenience, we express the
distribution F'¥ in quantile space. Define quantile function ¢*(g) = (F°)~!(q). ¢°(q) is weakly increasing in ¢ € [0, 1].
Viewing ¢ as a random variable, it is known that the distribution of ¢°(g) is F'* when q is drawn from U0, 1].

Define the cost curve R(q) = ¢ - ¢%(q), it holds that (R%)'(q) = ¢°(c%(q)). It follows that ¢%(q) = qu(q) =
3 (g 2% (5 (0)at).

Now we show that assuming F'¥ is regular for virtual cost is without loss of generality, similar to the proof of Theorem 4.1.
Suppose F'¥ is not regular for virtual cost, i.e., $° (c”(q)) is not increasing in q. we replace ¢~ (c) by ¢7(c) in the derivation

BuyerU __ ]ECNFS[WS(Gbi(C))]
FB = E._psW5(0)]

above, which leads to a ratio

. Define F'S as the distribution with virtual cost in quantile space
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Y_(q) = ¢2(c(q)). Tts cost curve RS (q) is the lower convex hull of R(g), and its quantile function is ¢ (q) = %R‘E (q) <
2R%(q) = c(q). Since W5(c) = ¢~ T is decreasing in ¢, it holds that W3(c%(q)) < W¥9(c%(q)) for ¢ € [0,1].
Then we have E..ps (W5 (¢5i(c))] = Eqnvio,)[W? (65 (c(0)))] = Egnurio[W? (V- (0))] = Ecups W2 (¢5:(c))], but
Eenrs [W(0)] = Eqnuo W2 (e ()] < Eguvpo ] [W3(c2(0)] = Eewps [W?(c)]. Thatis, F2 is a weakly worse
distribution that is regular for virtual cost. Therefore, we only need to consider regular distributions in worst-case analysis.

Now we analyze the worst case, focusing on regular distributions. For convenience define 1/(¢) = ¢°(c®(q)), then 1(q) is
non-decreasing in ¢ € [0, 1]. We can rewrite

Ee~rs[W5(0°(0)] _Eqruo W5 (¢°(c*(9)))]
Ecwrs [W5(c)] Eq~u0,17 W5 (¢%(q))]
WS W(q))dg
fo WSt fo (t)dt)dq
_ fo “Tedg
fo fo “Tdg

Here we recall that W3 (c) = ¢ T-a.

We have that 1(q) is non-negative since F* is non-negative. Applying Lemma C.2 with p = — 125 < 0, we have
q
t - ad o w
G I3 00 e =
INCIO) = “dq -5 1
— O(_ﬁ

It follows that
ing Eenrs 75(65 ()]
FS  Eeups [WS (c)]
1 _L
T-a(
= inf fo a
v() fo fo TTdg

> lfa .

That is, 2P > Buverl > 725 for all distribution FS.

Finally, since v = (1 + 2=%)7!and (1 + 1=2)7s <, wehave o™= = m >

a

® |

This completes the proof.
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